Introduction
Heat transfer in composite materials is of considerable interest to engineers. Indeed, composite media are more often encountered in applications than homogeneous materials. Consequently, heat transfer problems arising therefrom have been the subject of active investigation. There is a diverse variety of such problems, some of which are amenable to solution by expansion in terms of eigenfunctions of associated Sturm-Liouville operators with suitable boundary conditions.
Essentially, the formulation of heat transfer problems in composite materials involves supplementing the differential equation of energy conservation, in which the thermal properties are regarded as possessing appropriate discontinuities at interfaces, with boundary and interface conditions. The interface conditions demand continuity of temperature and heat flux across the interface. Both the boundary and interface conditions participate in determining the eigenvalues and eigenfunctions of the associated Sturm-Liouville operator, which can be shown to be symmetric under suitable conditions.
In this paper, we will be concerned with composite solids comprising two materials, one of which forms the bulk of the interior and the other forms a "thin" layer around the boundary. A practical instance, where such a situation arises, is encountered with nuclear fuel rods, which consist of tubes tightly packed with fuel material. The problem, when viewed in proper perspective is amenable to very convenient methods of solution. We will limit ourselves to rectangular geometry, but extensions to other standard shapes represent trivial detail.
Heat Transfer Problem
We consider a rectangular slab, which has an internal heat source extending finitely in the x and y-directions (see Fig. 1 ), and bounded by a thin plate of another material on either sides. The heat source function is symmetric about the x -axis. Heat loss to the surroundings in the y-direction is assumed negligible for simplicity, although it can be accommodated without much additional complication. We allow for the existence of resistance to heat transfer at the interface through the use of a "gap conductance."
The energy generated in the slab is transported by conduction through the slab and plate materials at rates governed by the magnitudes of their conductivities. Conduction in the slab occurs both in the axial and transverse direction, whereas in the thin plate conduction is essentially in the axial direction. Clearly a high conductivity in the plate would provide for efficient removal of the generated heat. 
•l
Under steady-state conditions, the energy equation may be written as
where f(x, y) is the heat source function divided by thermal conductivity, k, of the slab. From symmetry, we need to consider only the top half of the slab, the boundary condition at y = 0 being given by
Since the plate at y = b is thin, we may neglect temperature variations in the y -direction within the plate. Thus the energy balance at y = b is found to be
where t(x) is the temperature of the plate, A is the cross-sectional area of the plate normal to axial heat flow and P is the perimeter denoting the surface area per unit length, normal to the y -axis at y = b.
We must now identify the boundary conditions with respect to x for both temperatures T and t, which may or may not be identical. Thus, for example, we may consider Problem I, in which, the boundary conditions at x = 0, and x = £ are identical for T and t, given by, say
and Problem II, in which we assume that boundary condition (2.4) holds but (2.5) is replaced by the condition
dx
Clearly in Problem II, the boundary conditions with respect to x are not identical for T and t. For Problem I, the mathematical problem consists of the assembly of equations (2.1-2.5), while for Problem II, we have equations (2.1-2.4) and (2.6). Now Problem I may be solved analytically by methods similar to those presented elsewhere [1] , However these methods are not applicable to Problem II. In considering the solution of either Problem I or II, we proceed by recasting the problem in terms of suitably defined operators.
First, we define the Laplacian operator
on functions u{x, y), (x, y) e Q = (0 < x < £, 0 < y < b\, which belong to either of the following two subspaces of L% (Q) despite a singularity along (x, y) = (£, rj). Also, it is possible to determine G by Mercer's expansion, using the eigenfunctions and eigenvalues of G, for each of the domains Z)/(A) and Dn(A). In the present cases, we may even use a simpler expansion formula. Thus for Dj(A), we may write Transactions of the ASME For the domain £>n(A), we may replace (2.12) by 
which holds for both Problems I and II depending on whether G is given by (2.12) or (2.15). Thus the temperature at y = b may be written as 1 The integral operator Gfc for Problems I and II is given by
TT. 
and denoting T(x, b) by Ti,(x). Thus equation (2.19) becomes
We note that the eigenvalues of K are real and its eigenvectors span the Hilbert space -£2(0, £]. We do not provide the proof here. However, it may be understood in analogy with the product of two symmetric matrices, which can be shown to have real eigenvalues and eigenvectors spanning the appropriate dimensional space.
An even more useful result may be established as follows. While the domain of K is X2[0, £], its range is D(L). Consider the subspace D(L)
and define a new inner product,
It is easily proved that (3.2) represents a valid inner product from the symmetry and positive-definiteness of L. The pair \D(L), (, )| is then an inner product space (but not a Hilbert Space!) in which K is symmetric because for </ >, \j/ (£ D(V)

<K<^> = (LK0,^) = (LTGbtrf) (G^,*) ^(faG^) *=(<!>, K+)
This result is indeed useful because the eigenvectors of K would, belong to D(L) and any two of them corresponding to distinct eigenvalues will be orthogonal with respect to the inner product (3.2). Thus if \ipj\ represent the eigenvectors of K, then tyj,tk) = l>jk and the solution of Equation ( where (A;) are the eigenvalues of K. Substitution of the solution (3.5) into (2.18) yields the solution to the boundary value problems. Of course the eigenvalues and eigenvectors of K remain to be evaluated. We now consider Problems I and II separately.
Problem I. The eigenvalues and eigenvectors of K may be obtained readily in this case. Since the boundary conditions w.r.t.x for T and t are the same, it is readily shown that T and Gf, have the same eigenfunctions </ >, given by 8inji"(/-x) (3.6)
The eigenvalues, on the other hand, are of course different. Thus T and G6 have eigenvalues |(/3 2 + M« 2 ) -1 I and \(h/k + ii n coth /i"6) -1 ) respectively so that the eigenvalues |A" j of K are given by A"=-
The solution for the temperature of the plate becomes where F(x, y) is the first term on the right hand side of (2.18), which is known. We make no numerical calculations for this case from the analytical solution (3.14). Instead, we turn to the more difficult Problem II. Problem II. This is much more difficult because there is no direct analytical handle on the eigenvalues and eigenvectors of K. We therefore resort to an approximation scheme, which consists in expanding, say ij/eD (L) in terms of a finite number of eigenvectors |#" | of G 6 . Thus let The eigenvalues of the matrix K were determined for JV = 25,50, 75, and 100 and the results indicate satisfactory convergence. In fact, there is surprisingly good agreement between all the eigenvalues determined for given JV and the corresponding eigenvalues determined for higher N. For example, A x = 0.25471 for all four N's and A24 = 2.4544 X 10~6 for JV = 25 and 2.5034 X 10 -6 for iV = 100.
Calculations have been made for a variety of source functions f(x, y). All the functions have been normalized to represent a constant total rate of heat generation to facilitate comparison of the temperature profiles for various choices of the source distribution. The source function has been expanded in terms of the set \<j> n \ the eigenvectors of Gt,, using varying numbers of elements. Thus
where f(y) = \f(x, y)\ is regarded as an element of X 2 [0, £] for each fixed value of y. The series (3.11) truncated at n = M is used as the actual source function, so that by varying M a further variation in the source term can be introduced. Of course for sufficiently large values of M, the expansion will reproduce the source function f(x, y). The choices of the source function have been summarized in Table 1 . Fig. 2 shows a high heating rate at the center of the slab that diminishes toward the edges. In the upper graph of Fig. 2 the source oscillates somewhat but eventually increases to large values towards the left end of the slab. Similarly the nature of the other sources may be interpreted easily from Fig. 3 . A contour map of Case 3b is not given. This case is difficult to plot, but the contour map is similar to Case 2b shown in the lower graph of Fig. 3 in that the values of/ are large near x = 0 and are relatively small elsewhere. Contours for Cases 4a, 4b and 4c are not given since these are simple. Cases 4a and 4b are almost step functions with / = 10 in half the slab and / = 0 in the other half (/ = 10 in the half x < 1/2 for 4a and in the half x > 1/2 for 4b). For Case 4c, / is almost five throughout the slab.
The temperature profiles in the peripheral plate is plotted in Figs. 4-6. Since the left end is insulated, the temperature there is the maximum and decreases progressively towards the right end. This is true in all of the cases considered including cases 4a and 4b in Table  1 . The special reference to these cases is because their choice was based on the belief that this may lead to some feedback of energy from the peripheral plate to the main slab in regions where the heat source vanished. The calculations did not reveal such effects possibly because temperatures vary significantly. For example, in the lower graph of Fig. 7 the slab temperatures near the peripheral plate towards the left end are considerably less than those in the upper graph of Fig. 7 because in the former the heat source is peaked at the center of the slab and in the latter the heat source is concentrated at the left end|where-as the energy is removed more readily from the right end. The insensitivity of t {x) to the detailed shape of the source f(x, y) suggests that the special features of T(x, y) arise from the first term on the rhs of equation (2.18). Since only a finite number of vectors from the basis set \4> n ) were used in obtaining the eigenvectors )^"| (see equation 3.9), it is of interest to check whether t(x) does satisfy its boundary conditions at x = 0 and x = £. To demonstrate the accuracy and convergence of our calculations we present in Fig. 8 the identical plate temperature profiles (for case 2b) with N = 25 and 100; in Fig. 9 the value of t(£) is plotted against 1/N. Both Figs. 8 and 9 establish the accuracy and convergence of our procedure. They imply that the relatively small basis, N = 25, may be all that is required for many problems. Cases other than 2b yielded similar results.
Conclusions
The problem of steady-state two-dimensional heat transfer with heat generation in a slab with a thin peripheral plate has been solved by using Green's functions for the slab and the plate, which generates an integral equation for the plate temperature with an unsymmetric kernel. However when viewed as an operator K on -£2(0, £], the unsymmetric kernel is the product of two other self-adjoint operators T and Gf, on X 2 [0, £]. We have used the interesting fact that K can be converted into a self-adjoint operator using the alternative inner product (3.2); the spectral decomposition of K (analytically as in Problem I and numerically as in Problem II) has then been used to construct the solution to the boundary value problem. The computations reported herein took about 3 min. on the Cyber 74 CDC computer of the University of Minnesota, a reasonable cost compared to finite difference or similar numerical techniques.
